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Abstract 

The classical W n -symmetry is globally parametrized by the Grass- 
mannian manifold which is described by the nonrelativistic fermions. 
We give the bosonization rule which defines the natural higher coor- 
dinates system to describe the W n -geometry. The generators of the 
Wn-algebra can be obtained from the T-function by using the vertex 
operator. 
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1 Introduction 



Recently, a lot of attentions have been attracted to the investigation of the 
geometrical structure of the so-called W n -gravity or the VF n -geometry. Jl|- 
|| This problem is challenging because it provides the natural extension 
of the two dimensional gravity and it will possibly be related to the higher 
dimensional field theories. M Although there are many works which discussed 
on such geometry, it is still far from the complete understanding because of 
its nonlinearity. 

In this paper, we remark the relation between the global structure of 
the classical W n -symmetry and the Grassmannian manifold. It is known JIU 



that the W n -symmetry is closely related to the KdV equations. [11]] |12| Both of 
them are described as the deformation of rank n differential equations and the 
space of differential operators is parametrized by the Grassmannian manifold. 
In the KdV equations (or KP hierarchy ), the nonlinear equations are mapped 
to linear motions on the Universal Grassmannian Manifold (UGM).[|llJ Our 
idea is that non-linear structure of W n symmetry will be simplified also in 
the language of the Grassmannian. Although we have not fully completed 
this program, the mere introduction of the Grassmannian seems to provide 
many clues to understand the geometry. It is known that the natural tool 
to describe the Grassmannian manifold is the free fermion theory. Unlike 
the KP hierarchy theory, our fermions turns out to be non-relativistic. It 
reflects the fact that the particle number is always finite. We show that 
the deformation of n-th order differential operators can be linearly described 
by the bosonization. We prove that the bosonic degree of freedom is finite 
dimensional ( say ti , ■ ■ ■ , t n ) and the first one ( ti ) corresponds to the 
holomorphic coordinate of the Riemann surface. 

The most important merit to introduce such higher coordinates is that 
W^-algebra generators can then be obtained from a single generator, i.e. the 
r-function. In this sense, the situation becomes similar to that of the super 
Virasoro symmetry with the supercoordinate. 



2 Classical W^-symmetry 

In various contexts, the classical W^-symmetry is realized by the deformation 
of n-th order differential equation, |l|]@0f§ 
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£nf(t) = 0, 

C n = d n + u 1 (t)d n - 1 + u 2 (t)d n ~ 2 + ---u n (t). 



(1) 

(2) 



We call the coefficient functions u s (t) gauge potentials in the following. 
In order to get the W n symmetry, we need to require the constraint for the 
first gauge potential, 

Ml (*) = 0. (3) 

The deformation is generated by a pair of differential operators X and 
Yf\ We need to choose them such that C n keeps its form (|||J) under the 
variation of the following type, 



5 x C n = YC n -C n X (4) 
= 5 x u 2 d n - 2 + • • • + 5 x u n , (5) 
8 x f = Xf(t) (6) 

The relation between the operators X, Y is important. From eq.(|j), Y 
is formally given by 

Y = C n XC n + SCnC^ 1 

= (CnXC-y. (7) 

Here we used the projection of the pseudo differential operator into positive 
parts ( )+ Explicitly, if O = EZo°i dn ~^ we S et (°) + = E"=o °^ n "^ We 
define also (0)~ = O — (0) + . If we ignore the constraint fl3|), we can start 
from any differential operator X to get the deformation of C n , 

5 x C n = B x C n , B x = -(£ n X£- 1 )-- (8) 

We remark that although the deformation equation (§) reminds us of that 
of the KP hierarchy, [|TTf there are some important differences. In the KP 



hierarchy, we define the 0-th order pseudo-differential operator (PSD) S = 
1 + sifyd^ 1 + s 2 (t)d~ 2 + ■ ■ ■ through C n = Sd n S~ 1 . Such operator can 

2 We use the notation of the ref. [pi 
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be determined up to right multiplication of constant 0-th order PSD C, 
S — > SC. Then "time evolution" of the system is governed by -J^-S = A^S 
with Ae = —(Sd e S~ 1 )~. These time evolutions are then interpreted as linear 
motions on the Universal Grassmannian Manifold which is directly related 
to S. This formulation has a merit that we can discuss the deformation of 
the differential operators of any order in the same framework. However, the 
relation between se and gauge potentials is nonlinear. Moreover, the Poisson 
bracket structure of £ n is written in terms of the variation ([8]). If we the 
inner product (A, L n ) = J dtY% =x a t {t)ui(t) for A = E"=i ^ _1_n ^( t )> the 
second Poisson bracket [|12j is written by, 

{(A, £ n ), (B,£ n )} = -(B,(£ n A)-£ n ). (9) 

The RHS of this equation is the variation of £ n with X = (A£ n ) + . This gives 
the classical definition of the W n algebra. Hence in order to understand its 
geometrical structure, we had better introduce the Grassmanian which is 
directly related to £ n itself. 

3 Grassmannian manifold 

The correspondence between ro-th order differential equation and the Grass- 
mannian is more or less known through the essential role of the Wronskian. 
In our paper, we make it in more explicit form and develop the suitable 
machinery to describe it. 

Define a Hilbert space 7i as the space of functions which is regular at 
t = 0, i.e. / G H. if it has the Taylor expansion, 

fit) = E (io) 

n=0 U - 

Suppose all the coefficients in £ n are regular at t = 0f\ Then the kernel the 
differential operator (P determines an n-dimensional subspace of 7i. Denote 
the Grassmannian manifold which consists of n- dimensional subspaces of 7i 
by Gr^ a \ The correspondence discussed above shows that there is a mapping 

3 If we allow that the gauge potentials might have singularities at the origin t = 0, 
we need to extend the Hilbert space to C[[logi]] instead of C[[t]]. We must modify our 
discussion in the following if we need to discuss this generalized situation. 
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from the space of n-th order differential operators into the Grassmanian 
Q r ( n ) m it is important to notice that there is the inverse mapping. Let ft, be 
a point of Gr^ n >. Pick up a basis of f2, {fx, • • • , f n }- We can get n-th order 
differential equation, 



/ fx 
df dfx 

Qnj d n fi 



fn 
Ofn 



(11) 



where, £ n (fi) = d n + u^d 12 ' 1 + ■■■ + u n (Q) and 



fx 
d n ~ l h 



f u 

d U ~ l fn 



(12) 



In this way, one observe the bijection between the Grassmanian Gr^ and the 
space of the n-th order differential operators ( without u± constraint ©). In 
a sense, the functions {ui(fl), ■ ■ ■ , u n (Q)}, can be regarded as inhomogeneous 
coordinates of Gr'™'. 

Now let us come back to the classical W^-symmetry. It is defined as 
the deformations of C n . Since the Grassmannian Gr^ parametrizes the 
family of differential operators, W„-algebra generators can be regarded as 
the elements of the tangent space of the Grassmannian, T^GV^f^ In this 
sense, the Grassmannian gives the global structure of the Wn-algebra. The 
merit to lay emphasis on the Grassmannian is that it is a homogenious space 
and basically a linear object. As we are going to discuss, we can treat it 
neatly through the free fermion operator formalism and its bosonization. 



4 Free fermion formalism 

As in the KP hierarchy, the free fermion operator formalism provides a sys- 
tematic and powerful tool to analyze the structure of the Grassmannian. In 
order to apply to our case, however, we need to make a slight modification. 

4 Precisely, we need to impose the constraint to get the W n symmetry. It will be 
discussed in the last section. 
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It is due to the fact that the Wronskians which appeared in the previous sec- 
tion had finite ranks. Correspondingly, we need to deal with the states with 
finite particle number. This situation is similar to the free fermion theory 
of the finite N matrix models. [|13[ In fact, the nonrelativistic fermion theory 



used there can be also applied to our case. 

Let us define the free fermion operators and the Fock vacuum as in the 
matrix model. 

{*l> n ,M = {C,CJ = o, (13) 

{^n,Ci} = <5n,m, (n,m = 0, 1, ■•■) (14) 
C|0> = Vn, (15) 
< 0|^ n = Vn. (16) 

Note that we use the semi-infinite indices n = 0,1, 2, • • ■ for the fermion 
operators. The vacuum states |0 > and < 0| correspond to the no particle 
states. The n-particle ground state can be created from them in the standard 
way, 

|n> = ^ n _i^ n _ 2 ■ • -^o|0 >, (17) 



The U(l) current operators, 



shall play the role of the "Hamiltonian" as it does in the KP hierarchy. 

We represent the Hilbert space 7i by the "one-particle state" in the 
fermion Fock space. For each f(t) = J2n ^ n £ ^ define = J2 n /nVn- We 
can show, 

/(<)=< 0|^exp(J 1 t)|l>. (20) 

More generally, we can represent Gr^ in our Fock space. For each VL 6 Gr^ n \ 
choose a frame {/i, • • • , f n }. It is mapped into the n-particle states < Q\ =< 
0|V'/ 1 ' ' '^L- This procedure has an ambiguity up to the multiplication of 
the constant number which depends on the choice of the frame. This is the 
standard Pliicker embeddingF]. It is easily proved that the determinant r n (Q) 

5 Conversely, generic points of the n-particle states do not correspond to the Grass- 
mannian. The Grassmannian points are characterized by the Hirota's bilinear identity, 

TZo<n\1>.®<n\iK = o. 
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(12) can be represented as the vacuum expectation value (VEV) of n-particle 

states, 

r„(ft) =< ft| exp(Jxt)|n > . (21) 

The differential equation is now written simply as < £l\ij)f = 0. Instead 
of using this form, it is more convenient to introduce following "generating 
functional" for the gauge potentials, 

n 
s=0 

= < Q\exp(J 1 t)if)*(()\n + 1 > . (22) 

with t/>*(C) = "0nC™- m order to prove these identities, we used a lemma, 
d n f{t) =< 0| , 0/exp(iJ 1 )'0 n |0 >. In the terminology of the KP hierarchy, r n 
and Wq(() correspond to the r-function and the Baker- Akhiezer function 
respectively. More generally, we define the generating functional of the char- 
acter functions, 

Wn(Cu---Xm) =< fi| exp(Jit)^* '(&) •• ■ip*{Cm)\n + m > . (23) 



5 Bosonization 

We would like to discuss how the deformation of the differential equation 
looks like in our fermion formalism. The natural transformation which acts 
on the Grassmannian is the general linear transformation of 7i, i.e. so called 
Wi +OQ algebra. [15 In the free fermion language, the transformation is gener- 
ated by the fermion bilinear, 



s! 



E 7 ^T^+n-m^;. (24) 



The commutation relation with illuminates the origin of this operator, 

[w n , m ,no} = -c-^no- (25) 



When it applied to the one particle state it induces the Wi +QO transformation 

8 r 

'j f w ntm exp(tJi)\l >= t m — 



< 0|^> ri>m ex P (tJ 1 )|l >= t m —f(t). (26) 
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We should remark that the indices n and m are interchanged. It is because 
the Hamilonian exp(tJi) actually plays the role of Laplace transformation 
here. Similar phenomena also happened in the finite N matrix models. 

Now the variation of the n-particle bra state < Q\ is simply given by, 
5 n m < Q\ =< Q\w nt7n . We need to rewrite its action in terms of the bosonic 
variable. However, in order to describe the multi-particle states, the single 
holomorphic coordinate t is not enough. As in the KP hierarchy, we need to 
introduce the infinite number of time coordinates t n (n = 0, 1, 2, • • •) through 
the modification of the Hamiltonian, 

oo 

exp(tJi) -> exp(X>^) = exp(H([t])). (27) 
e=o 

Although we shall show later that only n coordinates are enough to describe 
n-particle states, it is convenient to keep all of them for a while. 

The bosonization of the non-relativistic fermion in the context of the 
matrix model was studied previously by Itoyama and current author. [I|J We 
can copy it to apply to this case. Define w n (Q = Em=o w m,nC _m ^ The key 
identity^ is, 

M0\k >= -^—Q n+ i(w (0)\k > . (28) 
n + 1 

with 

Qn(f) = (d (; + f(OT-l = e- F ^d n e F «\ (dF = f). (29) 

We shall prove later that Qi{w (())\k >= identically if I > k. We also use 
the following lemma, 

w n (Q exp(H[t]) = exp(H([t])) „C,Q n _,(j(C))^(C) ) , (30) 

\£=0 ) - 



where ( )_ is the projection to the negative power of (. In the following, we 
use the notaions, j(C) = ET=i and | = E£ C^" 1 ^- 

6 We need a "translation" from identities obtained in It is important to notice 

that, 

det()4)id=i,...,n =< %\^*{\i)---^*{\n)\n >, 
< 0lV>*(Ai) • ■ • r(K)w P , q = ]T < 0|r(Ai) • ■ ■ V*(A„). 
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Combining these identities, we get the transformations of the r-function 
in the bosonized form, 

Ss(C)r n = UC)r n , (31) 

with 

5+1 / d \ 

<UC) = E s+iC £ \Q^U(0)Qi(^(0)J ■ (32) 

Here, we use the notation ( )_ which means the projection to the negative 
powers of £. 

Eq.([H]) gives us very important corollary. Since every Wi +OQ generators 
are bosonized, we can get more direct "bosonization" rules. The most useful 
one is that 

exp(#([t]))^*(C)|n+ 1 >= V:(()ex V (H([t]))\n >, (33) 

with, 

«C) = C"exp(-g^!). (34) 

This relation explicitly shows that we can get Wq(£) out of r-function, 
Wn(C) = V* XC) T n(\t]) . It seems rather nontrivial that the RHS is a n-th 
polynomial in terms of (. We shall explicitly prove it later. Anyway, the 
importance of this formula is that it implies that the W n charges can be 
obtained from r-function in a simple way. In this sense, we can derive all the 
properties of W n algebra in terms of the single function r„. 

Our method is so systematic that we can calculate the transformation 
rules of the character polynomials without any difficulity We write some of 
the useful identities, 

K(Ci),^(C 2 )] = -T^r-^ncz), 

m i 
s=l S ^ 

m i m m 

Qe(Y.T—r) = ncc-cr^iKc-o, ^c... 

8=1 S> s = l s= l 

For example, the transformation rule of Wn(C) reads, 

6 s ((i)Wn((2) = 6 s {(i,(2)W Q (( 2 ), (35) 
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with, 

UC1X2) = £ sC e (^Q s -*OXCi))Qm(|(Ci))) 

(a-.a(Ci))^(|(Ci)) - «.^(|(Ci))^) c 36 ) 

Generalizations to the higher polynomials are straightforward. 



6 Effective time coordinates 

As we have remarked before, only finite number of "times" are needed to de- 
scribe the Grassmanian GA n \ The simplest situation is the one-particle case, 
where we can simply replace ^- by Jp-. For n-particle states, the situation is 
more complicated. Note that the n-particle state can be represented as the 
n-th wedge product of the single particle wave functions, Q = f±A ■ ■ • Af n . 
Let us denote the differentiation on the ct-th wave function as -J^-(a). Then 
it is obvious that 

8 n 8 n ( 8 V 

*-£*<«>-£(*<«>) (37 » 

The problem reduces to finding algebraicaly independent basis for the sym- 
metric function of n-variables. The desired basis is clearly T n = {-^}e=i,2,-,n- 
The explicit expression of dt 9 in terms of T is more involved. However, it 
is fortunate that these derivatives appear only through the combinations, 
Qt(ljj(0) = (K*(C)) _1 ^cK*(0- Hence we need to express only V* in terms 
of the basis T n . On n-particle states, to derivative is simply replaced by n. ( 
Jo I ^-particle >= n|n-particle >.) Hence, 

V: = Cexpj-X^C-^J (n-particle) 

n / 00 I f) e \ 

- c "n-(-gi r 'S (Q) ) 

= r S( 1 -^ (a) ) (38) 
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Here, there appear only up to n-th order symmetric polynomial in V*. They 
can be explicitly expressed in terms of r n . Let us introduce polynomials 
p n ([ c l) as follows, 

oo / oo \ 

Epi(W)c € = «P E^C ■ (39) 

e=o \e=i ) 

For example, po — 1, p\ — c\, pi = \c\ + C2, ■ ■ •■ p n is written out of c\, ■ ■ • , c n . 
We claim that 

n 

K*(0 = EC n -V([c])L = _i a . (40) 



s dt s 



Note that V* is an n-th order polynomial in terms of Q. This proves 
explicitly that (5^(wo(C))l n- P ar ticle >= 0, if I > n. This fact was mentioned 
before. 



7 Discussions 

To summarize, the deformation of the n-th order differential equation is un- 
derstood as the analogue of the Backlund transformation in the KP hierarchy. 
Its transformation is written by using a kind of boson-fermion correspon- 
dence. The main difference between the two theory is that the number of 
time coordinates is finite in our case. The natural question is what is the 
analogue of the KP equation itself. The answer is straightforward. Let us 
think the deformation induced by the derivative of a higher coordinate t s , 
5f = -fij-f in (1). Since ^- = (S^j on the one-particle state, we can take 

X = (jfiA ■ The deformation of C n follows directly from (8), 

J-£ n = B s C ni B s = -(C n d{C- 1 )- . (41) 

If we start from the UGM defined through S, we would get the higher KdV 
equations, 

®C n = [A s ,C n ], A s = (C s J n ) + . (42) 
dts 

We should not confuse these two nonlinear equations. 

Throughout this letter, we do not pay enough attention to the U(l)- 
constraint (|3]). In our framework, this constraint does not arise naturally 
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and we need to impose it by hand. In terms of r-function, this constraint is 
given by 

d 1 r([t])\t 2 =t-s=-=o = 0. (43) 

Although it is easy to obtain known formulae in our language, we have not 
clarified the geometrical origin of this constraint. 

In the subsequent paper, we shall discuss the Hamiltonian structure in 
terms of r-function and discuss the free field realization. It will be also inter- 



esting to discuss the N = 2 supersymmetric extension of W n symmetry [|T| 
because it is formulated almost parallel to the bosonic case. 
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